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I. INTRODUCTION 

c0:lcerss er'I'orC, e.<.J@iIdcd on t h e  Satellite Rendeevous 
#bl?ij2) which is a con t iwa t ion  af the origindl 

ite Rc~dezvous ( Contract  W-O4-4)5-ORD-l6gO') 
B e  greaent  s t u Q  is being conducted at  the 

tory of the Space and Infc>rmation Systems Division 
Aviat ion,  Inc. This r q o r t  covers-  the 2er iod  31 August 

I' 

work :ias bee.1 dme i n  two areas: ( A )  The 
t i m e  t o  .transfer wid its de2endeiice 011 tile three paramters of tile t w o -  

T case rias been inc1::ded i.1 w e  cur:.pAtin; t)ropar.s, and 

ces has bee;i further tested. 
it pro,jections as' prese.i iatioris on an a s c i l l o s c q e  lave 

ique of represent i? ;_  the i i  .?ulse aurface by three dimeneion 
1.1 conliection w i t h  thls work, 

develo2ed. 

I n  addition a paper "C\)-21afiar I'wc-Irnpulse O r b i t a l  Transfers" 

C, )p ie s  Jf t-:e ?re;Jri:ii (;GS p r e p r i n t  2063-61) are imluded. 
wan ?resented a t  the J.3 STace F l i i . l t  :ie?ort t o  the iiatim, i n  October 
lzl. A 
sec xid p ? e i * .  eriti;,led " O 2 t  ii. 1 . i ~  Co-planar Tw j-IE pulse Transfers betweell 
E L l i - > t I c  Or'c . t ~ "  has beell writteii aid acce2ted bj ixe I.A.S. for 2rc- 
z c  ibti  7-1 ~ . t  t.:c a,i,iual i.eexi,i- 111 .?e:i Y x . c .  J a i iua ry  214-27, 1902. Copies 
af tL:is --rc-)ri  I (, 61-e :o-,, Let zt-aild le. They -.;ill be attached to ti,e . 
.led, q.ia;. c r l d  r c p a r t .  

Tile . i 3 t a L i 4 > ) i i  used is iiie smile as tiat of 2revious r epor t s .  Fimre A l ,  
rrami'er Geoi.etry a i d  the  , i o t a t i0  I list are e s s e , i t i a l l y  copies froill pre- 
'b- ioiss regar-ts. 

, 

lief'ere1ice 1: Keri'oot, H. ?., D. F. Berider a:id P. R .  DesJardins,  
"Analytical Study of S a t e l l i t e  i3endezvous, " North 
American A v i a t i m ,  Inc., Space 8: In fo rna t ion  Systems 
Div i s ion ,  R e p a - t  No. hfD 59-272, 20 October 1960. 
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The relat i ; re  p o s i t i x i s  of tlie f e n ) -  on tile i n i t i a l  o r b i t  and 
' iie tari;et s a t e l l i t e  <)n the  f i n a l  o r b i t  must be included i n  tc;e 
re:idezl:ous prableri., Let T L e  t he  t i r x  i n i e r v a l  between tile passage 
of ferr;-  aid of ::.c '-arLet sa7,ell i te across  tke a s c e ~ d i f i ~  riode N 
( s e e  FiC;. i l l ) ,  and corisider tile requiren.eni t o  e f f e c t  rendezvous i n  
t i l e  ensuiiiz revol  i'ii,>:l )f ?,:le i a r L e t .  T;ie t ra ' Je rse  t ires t l ,  t ?  and 
t 2  are a s s o c i a t e d  T . , : i ' . ;  .,he Lrde a .x r . . a ly  Lii:er~v.als :jl, 
r e s p e c t i v e l ;  . file 2txid.;t.i,Jii $ x i  t . , ese  ti:: e i;l--er7vrais f o r  rendezvous 
is r c 9 = tl -t t. 1: can be writte.i as: 

A@, and $2 

Because Eq.  ( t l l )  t h e  ti1r.e Literval, r , f o r  rendezvous can be 
cons idered  a furiction of the t h r e e  garax,eters idl, Jd2 and ($3 of the two- 
ic :pulse  probleu. 
va lue  of T c o n s i s t s  i n  f indin( ;  poinks i n  $if space where the surfaces 
I = constalit and T = cons tan t  are ;>arallel. 
be c a l l e d  c o n s t r a i a e d  optinta. 

The ,>rocedure for  o 2 t i n i z i n L  tile iinpulse f o r  a given 

This type of optima w i l l  

Sqpose t r i a t  for s0n.e value of T a t r a n s f e r  has been fdmd and 
it is d e s i r e d  to ogti i l ize  t h e  ixpulse .  
t h e  s u r f a c e  
Let S be  t h e  unit vec to r  i n  t h e  d i r e c t i o n  of grad T . The d e s i r e d  
d i r e c t i o n  is: 

We want t o  move i n  @ space over  
T = coListant i n  t h e  d i r e c t i o n  of t h e  component of -grad I. 

Thus it is necessary  to  abtain the d e r i v a t i v e s  of T w i t h  re- 
s p e c t  t o  t h e  parameters $1, $2, 8 3 -  F Q r t m k l y  t h e s e  d e r i v a t i v e s  
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FIG. A I  TRANSFER GEOMETRY 
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The r e s u l t s  are:  
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FIG. A 2  GEOMETRY FOR LOCATING CONSTRAINED 
OPTIMA 
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is, f o r  c e r t a i n  p o i n t s  i n  t h e  generat ing s e t ,  t h e  quadric  approximation 
w a s  s y s t e m a t i c a l l y  lower ( o r  hi6her)  than t h e  t r u e  impulse func t ion .  
I n  one experiment, t h e  o r i g i n  of the 27-point gene ra t ing  se t ,  and t h e  * 

s i z e  of t h e  gene ra t ing  cube wae var l ed  i n  t h e  neikhbortood of 8 s o l u t i o n .  
The r e s i d u a l s  a t  each of t h e  27 points  were ranked f ror i  lowest t o  h i g h e s t  
and compared f ro& case  t o  case .  The ranirint was s u b s t a n t i a l l y  t h e  same 
for a l l  cases  i n v e s t i k a t e d .  

The Nature J f  t h e  Ir:,pulse Funct:on. Analyeis of quadric  approxi- 
n a t i L > n s  i s  l e a d i n c  toward a n  in.proved kmw1edt;e d f  ttie t r u e  impulse 
func t ;.on. 

The quadric sL.rf'aces extlibi t cer-&in ; ) rope r t i e s  wr;ich rriust a l s o  
be  p r o p e r t i e s  af c ~ , I s t a n t  iI :pulse su r faces  witi , ln tm liclits ?f the 
s e l e c t e d  approxirmtion. S inse  t h e  quadric  fb i c t i m s  are more t r a c t a b l e  
nathenlet ical ly ,  i e v e s t i g a t i o l i  of t h e l r  s i z e ,  snape and o r i e n t a t i o n  
appears  t o  dffer  a n  a t t r a c t i v e  avenue Ldward i d r e a s e d  m o u l e d t e  OJf t h e  
t r u e  impulse func t ion .  This  111 t u r n ,  siluuld l e a d  te fsrt!ier irisidit i n t o  
t h e  mechanisn. a s s o c i a t e d  w i t t ;  o$tir,  ut t w 3  m p h l s e  o r b i ; a l  t r a n s f e r s .  

The f o l l o W l i l L  parabrapiis desc r ibe  the  r e s u l t s  af a very l imited 
e x p l o r a t i o n  of trie a ? p r o k i c a t i n b  f & i c t i x i .  
any a n a l y s i s  is  hithl;Y specu la t ive  a t  trlis t ime, and ilLat f indinLs may 
be altered siL; i iYicant ly  du r i i i t  :!le .lex: q u a r t e r .  

I t  s ; , s d d  tie enphasized that 

An i n i t i a l  o r b i t  w i t h  p1 = 5000 arid el = 3 . 2  w a s  placed a t  s e v e r a l  
o r i e n t a t i o n s  r e l a t i v e  t o  a t e r r t l na l  o r b i t  de f ined  by p2 = 6N0, e2 = 0.2 

t h e  impulse s u r f a c e s  i n  t h e  neighborhood of each m i n i m  were approximated 
by  a set of quadric surfaces. 
t o  c a n o n i c a l  form by an a p p r o p r i a t e  r J t a t i o n  and t r a n s l a t i o n  of coordinate 
axes. 
argument of p e r i g e e  are shown i n  Table B1 and Fig. B2. 

.and w 2  = -90. An optimum t r a n s f e r  w a s  determined f o r  each case, and 

EBch se t  of quadric  surfaces WILS reduced 

Apperent effects of changes i n  t h e  i n i t i a l  orbi t ' s  i n c l i n a t i o n  and 

Data i n  Table B1 describe a n  e l l i p s o i d a l  approximation to  t h e  
impulse surface wi th  a value 10 ft/sec greater than minimum. 
i n t e r e s t i n g  t o  n o t e  t he  l e n t i c u l a r  na tu re  of t h e  approximating surfaces 
and the inc reased  "flatnes6" as i n c l i n a t i o n  decreases toward zero. Table 

It is 

B2 i n d i c a t e s  t h e  p o s i t i o n s  i n  @-space a t  which the minima occur. ? 

Fig .  B2 shows how o r i e n t a t i o n  of t h e  approximating func t ion  ie  
Of  p a r t i c u l a r  i n t e r e s t  i s  the fact  that changes affected by il and 01. 

i n  i n c l i i l a t i o n  appear  as a r o t a t i o n  of t h e  "natural" axes about xl. 
This phenomenon w i l l  be t h e  s u b j e c t  af a d d i t i o n a l  experiments. 

A t h i r d  p rope r ty  of t n e  impulse surfaces may b e  i n f e r r e d  from the 
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X , , X 2 , X 3  ARE UNIT VECTORS 

PI = 5000 p2 = 6000 
e ,  = 0.2 e 2  = 0.2 

w ,  = -90" w2 = -90" 

FIG. 62 ORIENTATION OF THE APPR0XIMATIN.G 
FUNCTIONS 
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"ranking" phenon.enon desc r ibed  i n  the  previous s e c t i o n .  
i n f o m a t i o n ,  it is appa ren t  t h a t  the impulse s u r f a c e s  differ  i n  a 
systematic  way from t h e  apprax ina t ing  f'unction. One p o s s i b i l i t y  is 
that t he  s u r f a c e  of constant impulse is e s s e n t i a l l y  e l l i p s o i d a l b u t  
t h a t  a t  least one of t h e  p r i n c i p a l  axes is curved. 

From t h i s  

f 

SID 61-459 -23 - 
. 



( C )  P i c t o r i a l  He?reseritation of Traiisfer GeonetrL 

I t  I s  extrer:.ely d i f f i c u l t  td , J i sua l i ze  the  &eornetric r e l a t i o n -  
s h i p s  invL, lved  i l l  a n  optin:um o r b i t a l  t r a n s f e r  without  a ske tch  of  
ti.e s i t u a t i o n .  An i n v e s t i g a t i o n  vas nade i n t o  t h e  f e a s i b i l i t y  of 
produc i n 6  i sor re t r ic  ar ublique drawin@ dn a computer-controlled cathode 
ray p l o t t e r  ( t h e  IBM 143 o r  Stronberj-Carlson 4020). 
a tes t  program are extremely encouraging wi th  r e s p e c t  t o  both  accuracy 
end economy. F ig .  C1 shows a frame which was generated by t h e  t e a t  
problem. 

The results of 

I t  r equ i r ed  lee8 than two seconds of 7090 t i m e  t o  produce. 

The 4020 output  c o n s i s t s  of a 7.5 x -{.5 vellum p r i n t  which is 
s u i t a b l e  f o r  b l u e l i n e  reproduct ion,  end is usua l ly  a v a i l a b l e  wi th in  
3 hours of  t h e  computer run. The b a s i c  te&miques should also have 
a p p l i c a t i o n  t o  t r a j e c t o r y  a n a l y s i s ,  real-tinie d i s p h y  and v i s u a l i z a t i o n  
of two-variable  fuuc t ioi ls .  For some p o t e n t i a l  a p p l i c a t i o n a ,  machine 
product ion of theee  drawings should be 10 t o  100 times less expensive 
than convent iona l  drawink, techniques.  A program is now be ing  checked 
o u t  which w i l l  provide a ske tch  of t r a n s f e r  geonietry as p a r t  of t h e  
op t imiza t ion  progran output .  

-21- 



! 
f 

I 

FIG. C1. TEST OF OBLIQUE MAPPING 
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111. PlANS FOR THE NEXT QUARTER 

Mechanization of the  time cons t ra ined  opt imiza t ion  process  
will be c.xtpleted arid app l i ed  to  an analyeis of impulse and phase 
requirements for e e v e r a l  rendezvoue problems. This will lead t o  
t h e  consideret ior i  of t h e  phase chan:;ing rnarieuver end its e f f e c t  on 
t h e  inipulse requirenients.  

An e f f o r t  will be rr.ade t o  perform a thorough exp lo re t ion  of 
r e p r e s e n t a t i v e  non-coplanar t r a n s f e r  p r o b l e m  w i t h  a goal of loca t ing ,  
t i n d y Z i n &  and class l f y i n g  a , i n i n ; a .  Relat ionst~Lpe between coplanar and 
non-coplanar case8 will be  devela?ed wherever p r a c t i c a l .  

S i z e ,  shape, a n d  ~ r i e n t a t i o n  of the quadric  approxinat ion 
will be  inves t ic ,a ted  f u r t h e r  i n  an o t t e n p t  t o  improve our  basic 
knowledge of tile i m p u l s e  f 'unct im.  An hprovement  i n  tlte approxi-  
n a t i o n  as p lo tzed  can be  iisde b) r a k i n g  c o r r e c t i o n s  t o  it based on 
a n  In t e rpo la t iu : i  Jver t z e  deviat iois .  

Finally mthods f )r iiidicatiiic; and c l a s s i f y i n g  misses i n  
rendezvous because of e r r a r s  i n  tiie depar ture  nwieuver w i l l  be under- 
W e n .  This w i l l  lead t i )  farmulat ion of Luidarice and impulse accuracy 
requirements .  

-23- 
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LIST OF SYMBOIS 

a semi-tmjor axis ( f e e t  o r  r i l e s )  

B binormal v e l o c i t y  caqxx-ient ( f t / s e c )  

C c i r c u m f e r e n t i a l  v e l a c i t y  cmponent  ( f t / s e c )  

e e c c e n t r i c  i t y  

f t r u e  anomaly 

I t o t a l  impulse i'unc tiori ( f t j s e c )  

i upu l se  a t  d e p a r t u r e  >Dint (ft/sec) 

impulse a t  a r r i v a l  yo i i i t  ( f t / s e c )  

u n i t  vectors in a c i r cumfe ren t i a l ,  biiLiirmal, radial system 

I1 

I2 

( i ,  j,k) 

i i nc 1 i na t i 011 

2 t; 

n 

a n L d a r  rr1ouentw:LT:I d e r  u.i,t mass ( ft /see) 

rate of cimnce of Il.eali a iarnal~- (averate an,ular v e l o c i t y  
radians/sec ) 

P 

' 0  

semi-htus rectum ( f e e t  o r  miles) 

ma t r ix  of c o e f f i c i e n t s  f o r  y(@) 

R radial v e l o c i t y  component ( ft /sec) 

r 

tl, t, t2 

r a d i u s  t o  satellite ( feet  o r  miles) 

t i m e  i n t e r v a l s  Q A ~  i n i t i a l ,  t r a n s f e r ,  and f i n a l  orbi ts  r e s p e c t i v e l y  

T t i m e  of p e r i g e e  crossinC; (seconds) 

X the  vector (@l, $2, 

Y ( 4 )  the quadric approximating func t ion  
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Q1 

u2 

5 
8 

oe 
P 
P 

+l 

+* 
% 
# 

w 

8 - 8, ( r a d i m s )  
2 

T time difference between .i.>dal crussi.i,s df sa te l l i t e  Sad ferry 

sr r i o h t  R S C e 3 S i O i l  of ascendin, node 

9qbrcripts 

ll on initial orbit a t  departure L>oiill; 

1 ou. traxfer orbit a; Ge2arture g o i n t ( . x  init lal  orblt)  

2 

22 

3 

m transfer s r b i t  a t  arri7*-al poi , i t (or  f inal  orbit) 

011 final &!!it at arrival 2o in t  

ag;,liee to 9 .  cmly (see above) 3 '- 

N , > t e :  Wheii a?pl ied  to orbi'.A elemeats (p ,  e, W , i ,  ft ) subscrip% 1 
refers to the h i t i a l  or3iL a;10 subecriat 2 refers td the bminal 
orbit.  Orbital elenleiits of traisfer orbit are denoted without 
subscr ipts .  
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